Transitive Permutation Groups of Minimal Movement  by Mann, Avinoam & Praeger, Cheryl E.
 .JOURNAL OF ALGEBRA 181, 903]911 1996
ARTICLE NO. 0152
Transitive Permutation Groups of Minimal Movement
Avinoam Mann
Institute of Mathematics, Hebrew Uni¨ ersity, Gi¨ at Ram, Jerusalem 91904, Israel
and
Cheryl E. PraegerU
Department of Mathematics, Uni¨ ersity of Western Australia, Nedlands,
WA 6009, Australia
Communicated by Alexander Lubotzky
Received January 30, 1995
For a permutation group G on a set S, the mo¨ement of G is defined as the
maximum cardinality of subsets T of S for which there exists an element x g G
x such that T is disjoint from its translate T that is, when such subsets have
.bounded cardinality . It was shown by the second author that, if G has bounded
< <movement m and if G has no fixed points in S, then S is finite, and S is bounded
< <above by a function of m. In particular, if G is transitive, then S F 3m. This
paper completes the proof of a conjecture of Gardiner and Praeger that the only
transitive groups on a set of size 3m which have movement m are transitive
 .permutation groups of exponent 3 when m is a power of 3 , the symmetric group
S in its natural representation on a set of three points, and the alternating groups3
A and A , in their transitive representations on six points. Q 1996 Academic Press,4 5
Inc.
Let G be a permutation group on a set S, and consider the family of
subsets T of S for which there exists an element x g G such that T is
disjoint from its translate T x. If the cardinality of such subsets T is
bounded, then we say that G has bounded mo¨ement and we define the
mo¨ement of G as the maximal cardinality of such a subset T of S. This
w x  w x.notion we introduced in Pr or see GP and a fuller discussion of
* Some of the work reported in this paper was done during the Oberwolfach meeting on
permutation groups, 16]22 January, 1994.
903
0021-8693r96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
MANN AND PRAEGER904
permutation groups with bounded movement may be found in the review
w x w xarticle Pr2 . It was shown in Pr that if G has bounded movement m, and
< <if G has no fixed points in S, then S is finite, and S is bounded above by
< <  wa function of m. In particular, if G is transitive, then S F 3m see Pr,
 .x w x.Theorem 1 b or GP, Theorem 1 . Equality here is possible; as examples
we have any faithful transitive representation of a finite group of exponent
3, and also the symmetric group S in its natural representation on a set of3
three points, and the alternating groups A and A , in their transitive4 5
representations on six points. Here we prove that these are the only
examples.
THEOREM. Let G be a transiti¨ e permutation group on a set S of size 3m
such that G has mo¨ement m. Then either G is of exponent 3, or G is one of
S , A , or A , of degree 3, 6, and 6, respecti¨ ely.3 4 5
w xThis settles a conjecture made in GP . In that paper it was shown that a
minimal counterexample to the theorem is either a 3-group or is simple
and acts primitively on S. Accordingly our proof is divided into two parts.
In both parts we use special features of the power structure of 3-groups,
features that are not shared by p-groups for p ) 3. Another important
w xingredient is a paper of Liebeck and Saxl LS91 about permutation
representations of Lie type simple groups, and, of course, we use the
classification of the finite simple groups.
< <From now on let G be a transitive group on a set S of size S s 3m,
and suppose that G has movement m. Our first lemma is concerned with
fixed point free elements of G.
LEMMA 1. The group G contains fixed point free elements, and e¨ery fixed
point free element of G has order 3.
Proof. The average number of fixed points in S of elements of G is
< <equal to the number of G-orbits in S, namely 1, and since 1 fixes SG
< <points and S ) 1, it follows that there is some element of G which has no
fixed points in S. Let x be such a fixed point free element of G, and let
 .c s s s . . . s be a typical cycle of x. Let T be a subset of S which1 2 k
contains, from each such cycle c of x, the points s , s , . . . , s , if k1 3 ky1
is even, and the points s , s , . . . , s , if k is odd. Then T is disjoint1 3 ky2
x < <from T , so we have T F m. This is possible only if all cycles of x have
length 3.
This lemma is all that is needed for the case of 3-groups. We formulate
separately our result for this case, which is somewhat stronger than
required for the theorem.
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PROPOSITION 2. Let G be a transiti¨ e group of permutations of a finite set
S, and suppose that G is a p-group, where p s 2 or 3. If all the elements of G
which are fixed point free on S ha¨e order p, then G has exponent p.
< <Proof. Our proof is by induction on G . The result is clearly true if
< < < < 2G F p, so suppose that G G p and that Proposition 2 holds for all
< <p-groups of order less than G . Let H be the stabiliser of some point of S.
Then H [ F H g s 1, that is, H is core-free in G. If H s 1, then allG g g G
 .non-identity elements of G are fixed point free, and exp G s p. Thus
H / H , and in particular G is not abelian. Let K [ H G, the normalG
closure of H. Since G is a p-group, any maximal subgroup is normal.
Hence K is contained in every maximal subgroup that contains H, and in
 .particular K is a proper subgroup of G. Suppose that exp G ) p. By our
assumptions, all elements of G of order greater than p fix at least one
point of S, so they belong to some conjugate of H, and in particular they
belong to K. However, when p is 2 or 3, the subgroup generated by all
elements of order greater than p, if non-trivial, is of index at most p by
w x < <SS . Thus G : K s p, and K is the only maximal subgroup of G contain-
ing H. Since G is not cyclic, it contains a maximal subgroup M different
from K. Then M W H and so G s MH, whence M is transitive on S. By
 .  . 2   ..induction, exp M s p. This implies that exp G s p and exp F G s p,
 .where the Frattini subgroup F G is the intersection of all maximal
subgroups of G.
2  .2 z y1Let x g K and z f K. If p s 2, then z s xz s 1, so x s zxz s x .
Thus conjugation by z inverts all elements in K, which implies that K is
 :G abelian. If p s 3, a similar argument shows that x is abelian see point
 . w x.4 in the proof of Theorem 3 of GP . Now let also y g K, and suppose
2  :that both x and y have order p . Set L [ x, y . Then L is abelian if
  ..   .  ..p s 2, and L is of class at most 2 with exp F L F p since F L : F G ,
 . pif p s 3. Consider the map w : L ¬ L defined by w u [ u . To see that
w x y1 y1w is a homomorphism, consider u, ¨ g L and set z [ u, ¨ s u ¨ u¨
 . pso that u¨ s ¨uz. Note that z s 1 if p s 2 since L is abelian and z s 1
  ..  . p p p p py1.r2 p pif p s 3 since z g F L . Then ¨u s ¨ u z s ¨ u . Since the
 . pkernel of w contains M l L, we see that the image w L s L has order
p. Then L p is generated by both x p and y p. We may assume that x g H,
and by fixing x and varying y we see that L p s G p. This contradicts the
fact that H s 1, that is, that H is core-free in G.G
We do not know if Proposition 2 holds for primes p greater than 3.
QUESTION. Let G be a transiti¨ e group of permutations of a finite set S,
and suppose that G is a p-group of exponent at least p2, for some prime p G 5.
Is it possible for all the elements of G which are fixed point free on S to ha¨e
order p?
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Our theorem follows from Proposition 2 in the case of 3-groups, so from
now on we shall assume that G is a non-abelian simple group and is
primitive on S. Our aim is to show that G ( A , acting transitively of5
degree 3m s 6. First we obtain some further information about fixed point
w xfree 3-elements and record some information from Pr about m and about
2-elements and 5-elements in G.
 .LEMMA 3. If x is a fixed point free element of G, then its centraliser C xG
in G is a 3-group.
Proof. Let y be a 3X-element commuting with x. Then xy is not of
order 3, so it fixes some points. But then x, which is a power of xy, fixes
the same points.
 .LEMMA 4. a A 2-element of G fixes at least m points, and a 5-element
fixes at least mr2 points;
 . eb m s k ? 3 for some non-negati¨ e integer e, where k is 1, 2, 5, or 10.
w x wProof. This follows from Pr, Lemmas 3.3 and 3.5 . See also GP,
xTheorem 2 .
These facts are sufficient to rule out all of the sporadic simple groups,
and all of the alternating groups except for the degree 6 representation of
A .5
LEMMA 5. If G is an alternating group A , then n s 5 and m s 2.n
Proof. Let G s A . If either n ) 10 or n s 8, then all elements ofn
order 3 commute with some involution, contradicting Lemma 3. If n s 9
or 10, then the only elements of order 3 whose centralisers are 3-groups
are the products of three disjoint 3-cycles. However, these elements are
the cubes of 9-cycles, and therefore, by Lemma 1, have fixed points on S.
If n s 7, then by Lemma 1 all elements of orders 4, 5, 6, and 7 fix points
on S. Therefore these numbers divide the order of a point stabiliser H, so
< <that G : H F 6. However, A does not have proper subgroups of such7
small index. Next let n s 6. Then, as in the case n s 7, H contains
elements of orders 5 and 4. In the natural representation of A of degree6
6, these elements have cycle types 1151 and 2141, respectively. It follows
that H is 2-transitive of degree 6, and since H is a proper subgroup of G,
< <the only possibility is that H s 60 and H ( A . However, A does not5 5
< < < <contain an element of order 4. Thus n s 5. Since G : H s S s 3m, m
 . < <must be at least 2. By Lemma 4 a , it follows that 10 divides H whence
< <G: H F 6. It follows that m s 2, as required.
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LEMMA 6. G is not a sporadic simple group.
w xProof. Checking the character tables in ATLAS , we see that J is the3
only sporadic simple group which has an element of order 3 whose
centraliser is a 3-group. So suppose that G ( J . Let x be an element of3
order 2 in G, and let p be the permutation character of the action of G
 .  . w xon S. By Lemma 4 a , p x G m. Moreover, by ATLAS, p. 83 , for every
 .  .non-principal irreducible character x of J we have x 1 ) 4x x . It3
 . .  . .  .follows that 3m y 1 s p y 1 1 ) 4 p y 1 x G 4 m y 1 , so m F 3G G
< < < <and G : H s S s 3m F 9. However, J does not have subgroups of such3
small index.
Thus we may now assume that G is a simple group of Lie type. In our
next two lemmas we rule out the possibility that m s 3e, and examine the
over-groups in G of Sylow 3-subgroups in the case m s 2 ? 3e.
LEMMA 7. The parameter m is not a power of 3.
e < < eq1Proof. Suppose that m s 3 , so that S s 3m s 3 . Let P be a
Sylow 3-subgroup of G. Then P is transitive on S. Since G is a non-abelian
w xsimple group, P / G. If P is maximal in G, then G is soluble HU, IV.7.4
which is a contradiction. Thus P is not maximal. Let K be a proper
subgroup of G property containing P. Then by induction since K is not a
. < <3-group K ( S and S s 3, so also G ( S , contradicting the fact that3 3
K / G.
LEMMA 8. If m s 2.3e, then either a Sylow 3-subgroup P of G is
contained in a unique maximal subgroup of G, or m s 2 and G ( A .5
Proof. Now P has two orbits in S, each of size 3eq1. As in the proof of
Lemma 7, P is not maximal in G. Let K be a maximal subgroup of G
properly containing P. If K is transitive on S, then by induction since
e.m s 2 ? 3 we conclude that m s 2 and K is A or A ; since K is4 5
maximal in G and G F S , G must be A or A , respectively. By Lemma6 5 6
5, only G s A is possible.5
Thus we may assume that, for all proper subgroups K of G which
contain P, P and K have the same orbits. Let H be some point stabiliser
 .in G. If K and K are not necessarily distinct maximal subgroups of G1 2
containing P, then, for each i s 1, 2, we have K F PH / G and K F HPi i
 ./ G since P and K have the same orbits in S and are intransitive on Si
 .  .and hence K s P K l H s K l H P. Thus both K l H and K l Hi i i 1 2
 :permute with P, and hence also K l H, K l H permutes with P.1 2
Moreover, for any subgroup L of H which permutes with P, PL is a
subgroup of G containing P. Hence there exists a unique subgroup Q of
H which is maximal subject to the condition PQ s QP. Moreover, since H
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fixes the two P-orbits in S setwise, PQ is intransitive and so PQ / G.
 .Then, since PQ contains P K l H s K for each maximal subgroup K
containing P, it follows that PQ is the unique maximal subgroup of G
containing P.
 .The family of groups PSL 2, q requires separate attention, and we shall
deal with it now.
 .LEMMA 9. Suppose that G ( PSL 2, q , for some prime power q G 4.
Then G ( A and m s 2.5
Proof. Suppose first that q is not a power of 3. Then a Sylow 3-sub-
< <group P of G is cyclic. If P ) 3, then by Lemma 1 a generator of P fixes
some points, and then all 3-elements fix points, contradicting Lemma 1.
< <  .Thus P s 3, and by Lemma 3 we have P s C P . Since P is containedG
 .  . in a cyclic subgroup of order q y 1 r2 or q q 1 r2 or q y 1 or q q 1 if
. < <q is even , this implies that q s 4, 5, or 7. In the last case, since S divides
< < < <  .G , S s 3 or 6 by Lemma 4, and PSL 2, 7 does not have subgroups of
 .  .these indices. Thus, G ( PSL 2, 4 ( PSL 2, 5 ( A , and by Lemma 5,5
m s 2.
Now suppose that q is a power of 3. We check the various possibilities
wfor the point stabiliser H, using the list of subgroups of G Di, pp.
x285]286 . If H is dihedral of order q q 1 or q y 1, then q s 9 is the only
< <  .value for which G : H is of the form given in Lemma 4, but PSL 2, 9 ( A6
is not an example by Lemma 5. Also, it follows from Lemma 1 that H is
 .  .not the Borel subgroup of index q q 1. If H is PSL 2, t or PGL 2, t ,
< <  . 2 .  2 .with q a power of t, then G : H s c qrt q y 1 r t y 1 , where c s 1
X < <  2 .or 1r2. Thus the 3 -part of G : H is at least t q 1 r2, and by Lemma 4
 2 .  2 .is at most 10, so t s 3, and q y 1 r2 t y 1 F 10; so again q s 9,
which is not allowed as before. Finally, if H is A , S , or A , then it4 4 5
 4follows from Lemma 4 that G is a 2, 3, 5 -group. Then one of q y 1 or
q q 1 must be a power of 2, which again implies that q s 9, and we have a
contradiction.
w xNext we apply the powerful result of M. W. Liebeck and J. Saxl LS91 ,
on the minimal degree of primitive permutation groups, to restrict the field
of definition of our Lie type simple group.
LEMMA 10. Either G ( A and m s 2, or G is a simple group of Lie5
type, defined o¨er a field of two or three elements.
Proof. Suppose that G \ A and that G is a simple group of Lie type5
defined over a field of q elements. By Lemma 4, all 2-elements of G fix at
least m points. Suppose first that all non-identity 2-elements fix exactly m
points, and let P be a Sylow 2-subgroup of G. Then the number of orbits
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  < < .. < < of P on S is 3m q m P y 1 r P the average number of fixed points of
. < < < <elements of P . Thus P divides 2m, so P s 4 by Lemma 4. Then G is
 .  w x.either PSL 2, q , for some q, or A see GW , which is not the case by7
 .Lemma 5 and 9 since we are assuming that G \ A .5
w xThus some 2-element fixes more than m points. By LS91, Theorem 1 ,
either G belongs to an explicit list of simple groups, or m - 4 ? 3mr3q.
The latter inequality is equivalent to q - 4; the list consists of groups
 .PSL 2, q for various prime powers q, except for one case where the
degree is 27, and so by Lemmas 7 and 9 none of the groups on the list is an
example.
To eliminate the simple groups of Lie type over fields of orders 2 and 3,
we need to study Sylow 3-subgroups in greater detail.
LEMMA 11. A Sylow 3-subgroup P of G has exponent 3.
 .Proof. Assume that exp P ) 3. Let x be an element of P of order 9,
and let x have u fixed points, ¨ 3-cycles, and w 9-cycles. Choosing a subset
T of S, as in Lemma 1, consisting of ``every other point'' in the non-trivial
cycles of x, we see that 4w q ¨ F m. Combining this with the equality
< < 39w q 3¨ q u s S s 3m, we obtain 3¨ q 4u G 3m. Now x has exactly
w x3¨ q u fixed points, so the result of LS91 quoted in the proof of Lemma
10 shows that 3m y 3u F 3¨ q u F 4mrq F 2m. Thus u G mr3. If we
take for x an element of order greater than 9, a similar inequality holds;
indeed we get a better lower bound for u because the subset T is larger in
w x  . < < this case. By La P contains at least 2r9 P elements not of order 3 this
< <generalises the inequality G : K F 3 which was used in the proof of
.Proposition 2 . Since P has at most ten orbits on S by Lemma 4, and since
the number of orbits is the average number of fixed points, we have
 .  . < <2r9 ? mr3 - 10, so m - 135, and S F 402. The primitive groups of
w xdegrees up to 1000 are listed in DM , and it is easy to check that no
 .primitive representation of a simple group of Lie type over GF 2 or
 . GF 3 of degree at most 402 satisfies all of our requirements In fact the
only primitive representations of such groups which have degree of the
 . q .form specified in Lemma 4 are representations ofG s Sp 6, 2 and O 8, 2
3 6  . 6of degree 135 s 3 ? 5 on the cosets of H s 2 : PSL 3, 2 and 2 : A ,8
respectively, and in neither case is there an element of order 3 in G whose
.  .centraliser is a 3-group, contradicting Lemma 1. Thus exp P s 3.
We are now in a position to eliminate Lie type simple groups over
 .GF 3 . Our proof involves an investigation of 5-elements of G.
 .LEMMA 12. G is not defined o¨er GF 3 .
Proof. Suppose that G is defined over the field of three elements. First
< ewe show that 5 m. Suppose that this is not the case. Then m s 2 ? 3 by
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Lemmas 4 and 7, and hence, by Lemma 8, a Sylow 3-subgroup of G is
contained in a unique maximal subgroup of G. In particular G has a
w xunique class of maximal parabolic subgroups. By Ca, pp. 43 and 221]224 ,
G is of one of the types A , 2A , 2A , 2B , or 2 G . The first two of these1 1 2 2 2
 . 3  . 2groups, A 3 and A 3 , are soluble, the Suzuki group of type B is not1 1 2
 . 2  .defined over GF 3 , and the Ree group G 3 is not simple, but has a2
 .simple commutator subgroup PSL 2, 8 , which was eliminated already.
2  .  .This leaves only A 3 s PSU 3, 3 , of order 6048, which does not have2
w xmaximal subgroups of the required indices ATLAS, p. 14 .
< < < <Thus 5 m. Since a 5-element fixes points of S, we also have 5 H , so
< < <25 G .
Now the exponent of a Sylow 3-subgroup P of a Lie type simple group
 . w xover GF 3 is given in Lemma 5.2 of BGP . Using the notation of that
lemma, our Lemma 11 shows that 2 Nrl F 3. Here l denotes the rank of
the corresponding root system and N denotes the number of positive
roots, where if G is a twisted group then l and N refer to the root system
.for the untwisted Chevalley group of which G is a subgroup. Comparing
w xwith the table on p. 43 of Ca , we see that the type of G is one of A , A ,1 2
2 2  .  .  .A , A , that is, G is one of the groups PSL 2, 3 , PSL 3, 3 , PSU 2, 3 ,1 2
 .PSU 3, 3 . However, none of these groups has order divisible by 25.
 .It remains to eliminate Lie type simple groups over GF 2 . This requires
 .a little more care than that needed for the groups over GF 3 . First we
treat the classical groups.
 .LEMMA 13. G is not a classical group o¨er GF 2 .
 .Proof. Suppose that G is a classical simple group over GF 2 . By
Lemma 11, a Sylow 3-subgroup of G has exponent 3. However see
w x.  .  .   ..ATLAS , the groups PSL 6, 2 , Sp 6, 2 which is isomorphic to V 7, 2 ,
" .  .V 8, 2 , and PSU 4, 2 all contain elements of order 9. It follows that
 .  .  .the only possibilities for G are PSL 3, 2 ( PSL 2, 7 , PSL 4, 2 ( A ,8
 .  .XPSL 5, 2 , and Sp 4, 2 ( A . However, Lemmas 5 and 9 rule out all of6
 .  w x.  .these except G s PSL 5, 2 . Finally see ATLAS PSL 5, 2 contains no
3-element whose centraliser is a 3-group, contradicting Lemmas 1 and 3.
 .Finally we eliminate the exceptional Lie type simple groups over GF 2 .
 .LEMMA 14. G is not an exceptional group of Lie type o¨er GF 2 .
< <Proof. By Lemma 4, the index G : H s 3m is at most 10 times the
< <3-part of G . We will show that in all cases the indices of all maximal
 .X  . 2  .subgroups of G exceed this number. If G is G 2 , F 2 , of F 2 , this is2 4 4
seen by inspecting the complete list of maximal subgroups of G, which is
w xgiven in ATLAS .
 . 2  .If G is E 2 , for i s 6, 7, or 8, or E 2 we do not have a complete listi 6
of maximal subgroups, but information about maximal subgroups of such
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w xsmall index is given in LS87 . Recall that a primiti¨ e prime di¨ isor of
2 n y 1 is a prime dividing 2 n y 1 which does not divide 2 m y 1 for any
n w xm - n. If n ) 2 and n / 6, then 2 y 1 has a primitive prime divisor Zs .
w x  .Now from LS87 , if G s E 2 , then H is either parabolic or involves only8
simple groups from a given list, and in all cases the index is divisible by
every primitive prime divisor of 230 y 1, which is a contradiction. Similarly,
 . 18 14if G s E 2 , then a primitive prime divisor of either 2 y 1 or 2 y 17
< <  . 2  .divides G : H . Finally, if G is either E 2 or E 2 , then either the index6 6
< < 12G : H is divisible by a primitive prime divisor of 2 y 1, or H is
 .  . < <isomorphic to F 2 or Fi . If H ( F 2 , then G : H is divisible by a4 22 4
primitive prime divisor of 218 y 1 or of 29 y 1, while if H ( Fi , then22
< <G : H is divisible by 19. We thus have a contradiction in all cases.
This finishes the proof of the lemma, and thereby completes the proof of
the theorem.
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